In this paper, we introduce the evolve-then-filter (EF) regularization method for reduced order modeling of convection-dominated stochastic systems. The standard Galerkin projection reduced order model (G-ROM) yield numerical oscillations in a convection-dominated regime. The evolve-then-filter reduced order model (EF-ROM) aims at the numerical stabilization of the standard G-ROM, which uses explicit ROM spatial filter to regularize various terms in the reduced order model (ROM). Our numerical results based on a stochastic Burgers equation with linear multiplicative noise. It shows that the EF-ROM is significantly better results than G-ROM.
numerical investigation of the EF-ROM. Finally, we outline conclusions and potential future research 
Stochastic Burgers equation (SBE)

50
The deterministic viscous Burgers equation and its stochastic version have been widely used in reduced order modeling, see [14, 15, 34, 39, 49] . In this paper, we will focus on the following stochastic Burgers equation (SBE) driven by linear multiplicative noise: du = νu xx − uu x dt + σu • dW t , u(0, t) = u(1, t) = 0, t ≥ 0, u(x, 0) = u 0 (x),
x ∈ (0, 1),
where u 0 is some appropriate initial datum to be specified, W t is a two-sided one-dimensional Wiener 51 process, σ is a positive constant that measures the "amplitude" of the noise, and ν is a positive diffusion 52 coefficient. Similar to [29] , the multiplicative noise term σu • dW t is understood in the sense of
53
Stratonovich [41] .
54
SPDEs driven by linear multiplicative noise such as the SBE (1) arise in various contexts,
55
including turbulence theory, non-equilibrium phase transitions, or simply the modeling of parameter 56 disturbance [6, 12, 18, 38] . 
Numerical Discretization of SBE
58
In our numerical experiment at Section 5, we collect the snapshots data from the direct numerical 59 simulation of the SBE. The SBE (1) is solved by a semi-implicit Euler scheme as given in [14, Section 6.1] .
60
We briefly present the numerical discretization scheme below. For more details and other numerical 61 approximation methods of nonlinear SPDEs, see [1, 7, 11, 28, 30, 37] .
62
The nonlinearity uu x = (u 2 ) x /2 and the noise term σu • dW t are discretized explicitly for each 63 time step, while the other terms are treated implicitly. The Laplacian operator is discretized using the 64 standard second-order central difference approximation. Thus, we can get the following semi-implicit 65 discretization scheme:
where u n i is the discrete approximation of u(i∆x, n∆t), ∆x and ∆t are the mesh size of the spatial discretization and the time step, respectively. The discretized Laplacian ∆ and the discretized spatial derivative ∇ in (2) are given by
where the boundary conditions are u n 0 = u n N x −1 = 0, N x is the total number of grid points of the spatial discretization in [0, 1] . The ζ n are random variables drawn independently from a normal distribution The initial condition is defined as following
Where ξ is the step function defined by ξ(x) = 1 if x ∈ (0.05, 0.55) and ξ(x) = 0 otherwise. The φ is given by φ (x) = 1 φ( x ) with
otherwise, and the normalization constant C is chosen such that
The parameter in φ is set to 72 be = 0.01 in our numerical experiment.
73
The initial condition is slightly modified from the one used in [34] . The modification is mainly 74 intended to enforce the compatibility of the initial and boundary condition at the left boundary point 75 (x = 0) and to avoid any potential regularity issues that may arise in the numerical discretization of 76 the SBE in (2) due to the discontinuity in the step function. 
Proper Orthogonal Decomposition
79
POD is one of the most popular data-driven reduced order modeling method, which we 80 exclusively use to generate the ROM basis in this paper. We briefly describe the POD in this section.
81
We note, however, that other ROM bases (e.g., the dynamic mode decomposition (DMD)) could be 82 used. For more details, the reader is referred to [9, 10, 40, 51] with respect to L 2 -norm.
86
Consider an ensemble of snapshots R := span u 0 , . . . , u N s , which is a collection of velocity data from either numerical simulation results or experimental observations at time t i = i ∆t, i = 0, . . . , N s . The POD basis {ϕ} i come from the minimization problem:
subject to the conditions (ϕ j , ϕ i ) = δ ij , 1 ≤ i, j ≤ r, where δ ij is the Kronecker delta. The minimization problem result in the eigenvalue problem K z j = λ j z j , for j = 1, . . . , r, where K ∈ R (N s +1)×(N s +1) is the snapshot correlation matrix with entries 
Note that in many ROMs of fluid dynamics, snapshots matrix always assembled by subtracting the 87 centering trajectory when generating the POD basis. That is, the fluctuations u = u − U, where U is 88 the centering trajectory, are considered in the data matrix. For our numerical investigation, however,
89
we do not use the centering trajetory approach for the simple one dimension SBE case. 
Galerkin Projection ROM (G-ROM)
91
The classic Galerkin projection based reduced order model has been introduced for fluids for many years. The derivation of the POD Galerkin ROM (G-ROM) follows the standard Galerkin approximation procedure. We present the derivation of G-ROM for the SBE (1) below. For a fixed number of basis r ∼ O(10), the r-dimensional POD Galerkin approximation u r of the SBE solution u takes the following form:
where the time-varying coefficients (ROM coefficients) {a j (t, ω)} r j=1 are determined by solving:
Following the expansion of u r given in (6) and the orthogonality property of POD basis functions, we can get the more explicit form of the above equation:
where j = 1, · · · , r. The above low dimensional dynamic system (8) is the called Galerkin ROM equation of the stochastic Burgers equation (SBE). The ROM online computation involves time integration of system (8), which carried out by using a standard Euler-Maruyanma scheme [33] . The fully discretized G-ROM of SBE is as follows:
where ζ n are random variables drawn independently from a normal distribution N (0, 1). 
Evolve-Then-Filter Regularized ROM
93
The G-ROM is efficient and relatively accurate for many fluid flows. As mentioned before, 
POD Differential Filter
99
We present details of the ROM spatial filtering (Differential Filter) in this Section. The POD 100 differential filter (DF) is defined as follows: Let δ be the radius of the DF. For a given u r ∈ X r , find 101 u r ∈ X r such that
Differential filters have been used in the simulation of convection-dominated flows with standard 103 numerical methods [21, 22] . The DF (10) uses an explicit length scale δ (i.e., the radius of the filter) to 104 eliminate the small scales (i.e., high frequencies) from the input. Indeed, the DF (10) based on a specific way of filtering the convective term in the SBE (1) as explained below.
118
The Evolve-Then-Filter model has been used as a numerical tool in the simulation of 119 convection-dominated deterministic flows with standard numerical methods [23, 35] . It has also 120 been used to derive Reg-ROMs for deterministic systems in [47, 55] . The construction of the EF-ROM
121
to the stochastic problem (1) is straightforward, which contains two steps. There is only one crucial 122 difference in its derivation compared to the derivation of the G-ROM as outlined in Section 3.2, which 123 consists of applying POD-DF after evolving the dynamic system.
124
The r-dimensional EF-ROM approximation u r of the SBE solution u takes the form (6). The 125 time-varying coefficients {a j (t, ω)} r j=1 are determined by solving:
The first "evolve" step in the EF-ROM (11) is just one step of the time discretization of the standard 127 G-ROM (9). The "filter" step in the EF-ROM consists of filtering of the intermediate solution obtained
128
in the "evolve" step:
This could give us the following linear system,
Where M r = (ϕ i , ϕ j ) and S r = (∇ϕ i , ∇ϕ j ) are the POD mass matrix and stiffness matrix respectively,
131
and b is the filtered POD coefficient. Thus the r-dimensional EF-ROM for SBE (1) is given by:
where j = 1, · · · , r. As mentioned in Section 4, a forward Euler time discretization was used in (11) study with more discussions and complex stochastic systems will be investigated for future research. 
Numerical Results
141
In this Section, we present our numerical results for the EF-ROM and compared it with the 142 standard G-ROM. The data that we used to construct our ROM is generated by the method describled original SBE system. Also note that as the dimension of the ROM increases, the overall performance of 154 both ROMs improves as can be seen in Fig. 2 . This behavior is expected since increasing dimension r 155 increases the amount of energy used to the dynamic system of ROM, which accurately approximate 156 the SBE.
157
Figure 2. The space-time numerical reconstruction of SBE from G-ROM (9) (top row) and EF-ROM (16) (bot row) with dimension r = 4 (left panel), r = 6 (middle panel) and r = 8 (right panel), respectively. The noise path is the same as used in numerical solution of SBE field plotted in Fig. 1 The parameter δ that defined as the radius of the ROM spatial filtering of EF-ROM in eqn. (13),
158
has to be appropriately calibrated to reach a good performance. Large value means filtering too much Robustness of EF-ROM.
179
We also did numerical experiments regarding the statistical relevance of the ROM results.
180
Especially, we investigated the effect of the magintude of the noise on the results. The following 181 relative L 2 error formula is used when assess the performance of the ROMs: For this experiment, we use 13 noise magnitude σ that equally spaced between 0 and 0.6, and and r = 8, while the EF-ROM relative error is around 30% (r = 6) or below (r = 8).
189
Conclusions
190
The numerical instability of Galerkin projection based ROMs is a very important challenge and 191 has been widely studied. We are investigating this challenge in the stochastic fluid flows background. 
